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Abstract
We investigate the processes e+e−→γJ/ψφ, γJ/ψω and pi0J/ψη to search for the charmnium-like
states with hidden ss¯, such as Y (4140), Y (4274), X(4350) and X(3915). These processes will receive
contributions from the charmed-strange meson rescatterings. When the center-of-mass energies of the e+e−
scatterings are taken around the Ds0(2317)D∗s , Ds1(2460)Ds or Ds1(2460)D∗s threshold, the anomalous
triangle singularities can be present in the rescattering amplitudes, which implies a non-resonance explana-
tion about the resonance-like structures. The positions of the anomalous triangle singularities are sensitive
to the kinematics, which offers us a criterion to distinguish the kinematic singularities from genuine parti-
cles.
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1
I. INTRODUCTION
With the number of charmoniumlike and bottomoniumlike XY Z states observed in experi-
ments increasing, the study on the exotic hadron spectroscopy is experiencing a renaissance in
recent years. In the aspect of theory, most of these XY Z states do not fit into the conventional
quark model very well, which has been proved to be very successful in describing the heavy
quarkonia below the open flavor thresholds. Various theoretical interpretations are then proposed
to try to understand the underlying structures of these XY Z states, such as hadronic molecule,
tetraquark, hybrid, hadro-quarkonium, rescattering effect and so on. We refer to Refs. [1–3] for
both experimental and theoretical reviews about the XY Z states.
In this work, we will focus on the exotic candidates which may contain the ss¯ components, i.e.
Y (4140), Y (4274), X(4350) and X(3915). Y (4140) and Y (4274) were firstly observed by the
CDF Collaboration in the J/ψφ invariant mass distribution from B → KJ/ψφ decays [4, 5]. The
presence of Y (4140) in B decays was later confirmed by the CMS and D0 Collaborations [6–8].
X(4350) was observed by the Belle Collaboration from the two photon process γγ→J/ψφ [9].
Y (4140) and Y (4274) were also expected to be produced in the two photon fusion reaction, but
neither of them was observed [9]. These resonance-like structures observed in the J/ψφ mass
spectrum are very intriguing, since they may contain both a cc¯ pair and and an ss¯ pair. Although
their masses are well beyond the open charm thresholds, their widths are very narrow, for instance,
ΓY (4140)=15.3
+10.7
−6.6 MeV, ΓY (4274)=32.3+23.2−17.1 MeV, and ΓY (4350)=13+18−10 MeV. The above properties
imply that these three states may be exotic. Taking into account their masses and decay modes,
some people think Y (4140), Y (4274) and X(4350) are probably the hadronic bound states of
D∗+s D
∗−
s , D
+
s0D
−
s and D+s0D∗−s respectively [10–20]. The tetraquark state cc¯ss¯ is also a possible
explanation about them [21, 22]. However, because of the low statistics, the masses and widths of
these states still have larger uncertainties, even their existence are not well confirmed by different
experiments [3, 23]. Concerning X(3915), it is observed in the J/ψω invariant mass distribution
from both the B decays B → KJ/ψω and the two photon fusion reaction γγ→J/ψω. Although
X(3915) is currently taken as the conventional charmonium χc0(2P ) by PDG [24], there are still
some serious problems about this assignment. For instance, X(3915) has not been observed in
the DD¯ invariant mass distribution, but the DD¯ channel is expected to be the most important
decay mode of χc0(2P ). Furthermore, if X(3915) is χc0(2P ), the mass splitting between the well
established χc2(2P ), of which the mass is about 3927 MeV, and χc0(2P ) is too small, which is
in conflict with the theoretical predictions [1, 25–27]. The width of X(3915) is also very narrow,
which is about 20 MeV. We notice that the mass threshold of D+s D−s is about 3937 MeV, which
is less than J/ψφ threshold but close to X(3915). Since there is a small ss¯ component in the
physical ω meson, we may wonder whether there are some connections between D+s D−s system
and X(3915). In Ref. [28], the authors suggest that X(3915) may be the bound state of D+s D−s .
Before we claim these XY Z states are genuine particles, such as molecule, tetraquark or hy-
brid, it is necessary to study some other possibilities. Some non-resonance explanations are also
proposed to connect the ”resonance-like” peaks, i.e. XY Z states, with the kinematic singulari-
ties induced by the rescattering effects [29–39]. It is shown that sometimes it is not necessary
to introduce a genuine resonance to describe a resonance-like structure, because some kinematic
singularities of the rescattering amplitudes will behave themselves as bumps in the invariant mass
distributions. The similar mechanism actually has been studied many years ago, such as the Peierls
mechanism proposed in 1960s [40–43]. In this paper, we are going to investigate the correlations
between the kinematic singularities and some exotic charmonium-like states with hidden ss¯.
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II. KINEMATIC SINGULARITY AND ITS OBSERVABLE PHENOMENA
A. Radiative transitions
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FIG. 1: e+e− scattering into γJ/ψφ via ψ(4415) and the charmed-strange meson rescattering loops.
Since the charmonium-like states with hidden ss¯ may decay into J/ψφ, besides the B de-
cays and the two photon fusion reactions, we also hope to search for these states in the process
e+e−→γJ/ψφ, taking into account the high statics of the modern experimental facilities, such as
BESIII and Belle. The process e+e−→γJ/ψφ will receive contributions from the rescattering dia-
grams as displayed in Fig. 1. There are several reasons why we expect the rescatterings induced by
these charmed-strange meson loops will be important. Firstly, ψ(4415) is widely accepted as the
S-wave charmonium ψ(4S), and it can couple to Ds0(2317)D∗s (Ds1(2460)Ds, Ds1(2460)D∗s) in
relative S-wave. This S-wave coupling will respect the heavy quark spin symmetry (HQSS). The
quark model calculation also indicates that this coupling will be strong. Secondly, since Mψ(4415)
is very close to the mass thresholds of Ds0(2317)D∗s and Ds1(2460)Ds, if we collect the data sam-
ples at the center-of-mass (CM) energies near ψ(4415), an intriguing kinematic singularity, i.e.,
the anomalous triangle singularity (ATS), may emerge in the rescattering amplitude. Another im-
portant reason is all of the internal charmed-strange mesons appeared in the rescattering diagrams
are very narrow [24], which implies that the effect of the occurrence of the ATS will be obvious
[44].
The ATS corresponds to a pinch singularity of the loop integral. In Ref. [44], we have discussed
the kinematic conditions under which the ATS can be present. Taking into account the Feynman
diagram displayed in Fig. 2, according to the single dispersion representation of the triangle dia-
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FIG. 2: Triangle diagram under discussion. The internal mass which corresponds to the internal momentum
qi is mi (i=1, 2, 3). For the external momenta, we define P 2 = s1, (pb + pc)2 = s2 and p2a = s3. We will
use the same momentum and mass conventions in Figs. 1 and 4.
gram, the locations of the ATS for s1 and s2 can be determined as
s−1 = (m2 +m3)
2 +
1
2m21
[(m21 +m
2
2 − s3)(s2 −m21 −m23)− 4m21m2m3
− λ1/2(s2, m21, m23)λ1/2(s3, m21, m22)], (1)
and
s−2 = (m1 +m3)
2 +
1
2m22
[(m21 +m
2
2 − s3)(s1 −m22 −m23)− 4m22m1m3
− λ1/2(s1, m22, m23)λ1/2(s3, m21, m22)], (2)
respectively, where λ(x, y, z) ≡ (x − y − z)2 − 4yz. s−1 and s−2 are the so-called anomalous
thresholds. For convenient, we define the normal threshold s1N (s2N ) and the critical value s1C
(s2C) for s1 (s2) as follows,
s1N = (m2 +m3)
2, s1C = (m2 +m3)
2 +
m3
m1
[(m2 −m1)2 − s3], (3)
s2N = (m1 +m3)
2, s2C = (m1 +m3)
2 +
m3
m2
[(m2 −m1)2 − s3]. (4)
If we fix s3 and the internal masses m1,2,3, when s1 increases from s1N to s1C , the anomalous
threshold s−2 will move from s2C to s2N . Likewise, when s2 increases from s2N to s2C , s−1 will
move from s1C to s1N . This is the kinematic region where the ATS can be present. The discrepan-
cies between the normal and anomalous thresholds are defined as follows,
∆s1 =
√
s−1 −
√
s1N ,
∆s2 =
√
s−2 −
√
s2N . (5)
Apparently, when s2=s2N (s1=s1N ), we will obtain the maximum value of ∆s1 (∆s2), i.e.,
∆maxs1 =
√
s1C −√s1N , (6)
∆maxs2 =
√
s2C −√s2N . (7)
Larger ∆maxs1 and ∆
max
s2
indicate larger kinematic regions where the ATS can emerge, which also
implies that it will be easier to detect the ATS in experiments. Notice that as long as s3 and the
4
TABLE I: ∆maxs1 and ∆
max
s2 for the corresponding triangle diagrams in Fig. 1.
[MeV] Fig. 1(a) Fig. 1(b) Fig. 1(c) Fig. 1(d) Fig. 1(e)
∆maxs1 4.8 27 13 28 13
∆maxs2 4.6 24 12 25 12
internal masses m1,2,3 are fixed, ∆maxs1 and ∆maxs2 are determined. The corresponding ∆maxs1 and
∆maxs2 of the diagrams in Fig. 1 are listed in Table I. From Table I, we can see that although
∆maxs1 and ∆
max
s2
are not very large, they are still sizable. This is because the phase spaces for
D±s0(2317)→γD∗±s and D±s1(2460)→γD(∗)±s are relatively larger, as discussed in Ref. [44].
The above kinematic analysis indicates that the ATS induced by the charmed-strange meson
loops may emerge in a relatively larger kinematic region. To quantitatively estimate how important
these rescattering amplitudes are, we will build our model in the framework of heavy hadron chiral
perturbation theory (HHChPT) [45–51]. In HHChPT, to encode the HQSS, the charmed meson
doublets with light degrees of freedom JP = 1/2− and 1/2+ are collected into the following
superfields
H1a =
1 + v/
2
[D∗aµγµ −Daγ5], (8)
H2a = [D¯∗aµγµ + D¯aγ5]
1− v/
2
, (9)
S1a =
1 + v/
2
[D′µ1aγµγ5 −D0a] , (10)
S2a =
[D¯0a − D¯′µ1aγµγ5] 1− v/2 , (11)
H¯1a,2a = γ
0H†1a,2aγ
0, S¯1a,2a = γ
0S†1a,2aγ
0, (12)
where H2a (S2a) is the charge conjugate field of H1a (S1a), and a is the light flavor index. We
identify the physical states D±s0(2317) and D±s1(2460) as the doublet collected in the superfield
S1a,2a, which is widely accepted. The pertinent effective Lagrangian which respects the HQSS
and chiral symmetry takes the form
Leff = gS < JS¯2aH¯1a + JH¯2aS¯1a > +CP < JH¯2bγµγ5H¯1aAµba > +CV < JH¯2bγµH¯1aρµba >
+ ih < H¯1aS1bγµγ5Aµba > +
eβ˜
4
< H¯1aS1bσ
µνFµνQba > , (13)
where < · · · > means the trace over Dirac matrices, J indicates the S-wave charmonia
J =
1 + v/
2
[ψ(nS)µγµ − ηc(nS)γ5]1− v/
2
, (14)
Aµ is the chiral axial vector containing the Goldstone bosons
Aµ = 1
2
(
ξ†∂µξ − ξ∂µξ†
)
, (15)
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with
ξ = eiM/fpi , M =


1√
2
π0 + 1√
6
η π+ K+
π− − 1√
2
π0 + 1√
6
η K0
K− K¯0 −
√
2
3
η

 , (16)
ρµ is a 3× 3 matrix for the nonet vector mesons
ρ =


1√
2
ρ0 + 1√
2
ω ρ+ K∗+
ρ− − 1√
2
ρ0 + 1√
2
ω K∗0
K∗− K¯∗0 φ

 , (17)
Fµν is the electromagnetic field tensor
Fµν = ∂µAν − ∂νAµ, (18)
and
Q = diag(2/3, −1/3, −1/3). (19)
The coupling constants h and β˜ in Eq.(13), which are in relevant with the strong and radiative
decay rates of the charmed mesons respectively, can be extracted according to the experimental
data. We will take the averaged values of h and β˜ estimated in Ref. [51] in our following numerical
calculations, which are h2=0.44 and |β˜|=0.42 GeV−1 respectively. For the coupling constant gS, by
matching the decay amplitude of ψ(4S)→D+s0D∗−s calculated according to Eq. (13) with that cal-
culated in the quark pair creation model [26], we obtain gS≈1.51 GeV−1/2 . Similarly, by match-
ing the scattering amplitudes of D∗+s D−s → J/ψη and D∗+s D∗−s → J/ψφ calculated according to
Eq. (13) with those calculated in the quark-interchange model, we obtain CP≈1.73 GeV−3/2 and
CV≈46 GeV−3/2 respectively. We give a brief introduction about the quark-interchange model in
Appendix A. Of course the estimation of the coupling constants using quark model will be model-
dependent, and may have relatively larger uncertainties, but we expect that the order of magnitude
of this estimation is still reasonable to some extent. Notice that in HHChPT, every heavy filed H
will contain a factor
√
MH for normalization.
According to the effective Lagrangian in Eq. 13, the transition amplitude of ψ(4S) → γJ/ψφ
corresponding to the rescattering diagram Fig. 1(a) reads
TAψ(4S)→γJ/ψφ =
2
3
gSeβ˜CV
∫
d4q1
(2π)4
1
(q21 −M2D∗+s )(q
2
2 −M2D+s0)(q
2
3 −M2D∗−s )
× (ǫψ(4S) · ǫ∗J/ψ v · ǫ∗γ pa · ǫ∗φ + ǫψ(4S) · ǫ∗φ v · ǫ∗γ pa · ǫ∗J/ψ
+ ǫψ(4S) · ǫ∗γ ǫ∗J/ψ · ǫ∗φ v · pa − ǫψ(4S) · ǫ∗J/ψ ǫ∗γ · ǫ∗φ v · pa
− ǫψ(4S) · ǫ∗φ ǫ∗γ · ǫ∗J/ψ v · pa − pa · ǫψ(4S) v · ǫ∗γ ǫ∗J/ψ · ǫ∗φ
)
, (20)
where ǫγ , ǫJ/ψ , ǫφ, ǫψ(4S) are the polarization vectors of the corresponding particles, and the veloc-
ity v can be taken as (1, 0, 0, 0) in the static limit. The other transition amplitudes share the similar
formula with Eq. (20), which are omitted for brevity. We will introduce a Breit-Wigner type prop-
agator of ψ(4415) when calculating the scattering amplitude of e+e−→γJ/ψφ via ψ(4415) and
the charmed-strange meson loops. The propagator takes the form
BW [ψ(4415)] = (s1 −M2ψ(4415) + iMψ(4415)Γψ(4415))−1. (21)
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The coupling between the virtual photon and ψ(4415) will be determined by means of the vector
meson dominance model [52–54].
The numerical results for the invariant mass distribution of J/ψφ in the process e+e−→γJ/ψφ
via the charmed-strange meson loops are displayed in Fig. 3(a). We calculate the differential cross
sections at several CM energies, i.e. 4.415 GeV and three thresholds. 4.415 GeV is actually out
of the kinematic region where the ATS can be present, therefore when √s1=4.415 GeV, there is
only a small cusp appeared in the normal D∗+s D∗−s threshold. Since the J/ψφ threshold is only
below the D∗+s D∗−s threshold, but above the D+s D−s and D∗+s D−s thresholds, according to Table I,
among the five rescattering diagrams of Fig. 1, only in the rescattering amplitudes corresponding to
Figs. 1(a) and (e), the ATS can appear in the physical kinematic region. When the CM energy√s1
is taken at the D+s1D−s threshold, since the ATS can not be present in the rescattering amplitudes
corresponding to Figs. 1(b) and (c), there is only a small cusp stay at D∗+s D∗−s threshold (dashed
line in Fig. 3(a)). When √s1=MDs0+MD∗s , the ATS will be present in the rescattering amplitude
corresponding to Fig. 1(a), which lies about 4.6 MeV above the D∗+s D∗−s threshold, as illustrated
in Fig. 3(a) (dotted line). When √s1=MDs1+MD∗s , the ATS will be present in the rescattering
amplitudes corresponding to Fig. 1(e), which lies about 12 MeV above D∗+s D∗−s threshold (dot-
dashed line in Fig. 3(a)). However, the CM energy √s1=MDs1+MD∗s is far away from the peak
position of the resonance ψ(4415), in which case the contribution of the diagram Fig.1(e) will be
suppressed to some extent.
Notice that the resonance-like peaks appeared in Fig. 3 are not induced by any genuine reso-
nances, and the peak positions and shapes are very sensitive to the kinematics. As we point out in
Ref. [44], the difference between the genuine particles and the kinematic singularities is that the
resonance-like peaks induced by the kinematic singularities will depend on the kinematic config-
urations, which means that the peak positons of the resonance-like structures will depend on the
production modes.
The estimated cross section of the process is of the order of magnitude of 1 pico barn. With
the huge statics of the modern experimental facilities, the effects induced by the ATS may be
detectable at BESIII, Belle or the forthcoming Belle II.
As mentioned above, the higher J/ψφ threshold leads to that only the ATS which is in relevant
with the D∗+s D∗−s threshold can emerge in the process e+e− → γJ/ψφ. On the other hand, the
J/ψω threshold is even below the D+s D−s threshold, and D
(∗)+
s D
(∗)−
s can also scatter into J/ψω,
which imply that there will be three ATSs in relevant with three thresholds can be present in the
rescattering amplitudes of e+e− → γJ/ψω. However, because there is only a small ss¯ component
in ω, the scattering amplitudes of D(∗)+s D(∗)−s →J/ψω will be suppressed.
We will estimate the amplitudes of e+e− → γJ/ψω via charmed-strange meson loops by taking
into account the φ-ω mixing. When we introduce the vector nonet matrix ρµ in Eqs. (13) and (17),
we have assumed an ideal mixing between the flavor singlet and octet. The physical states φ and
ω are actually not pure ss¯ and (uu¯ + dd¯)/
√
2, respectively. We rewrite their wave functions as
follows:
φ = sinθφω (uu¯+ dd¯)/
√
2− cosθφω ss¯, (22)
ω = cosθφω (uu¯+ dd¯)/
√
2 + sinθφω ss¯, (23)
where the mixing angle θφω is approximately equal to 0.065, by means of the quadratic Gell-
Mann-Okubo mass formula [55–58]. The numerical results of J/ψω invariant mass distributions
are displayed in Fig. 3(b). Being different from Fig. 3(a), for some CM energies, there are three
peaks staying in the vicinities of D+s D−s , D∗+s D−s and D∗+s D∗−s thresholds respectively. Further-
more, according to Table I, it seems that in a relatively larger kinematic region these resonance-like
7
TABLE II: ∆maxs1 and ∆
max
s2 for the corresponding triangle diagrams in Fig. 4.
[MeV] Fig. 4(a) Fig. 4(b) Fig. 4(c)
∆maxs1 13 11 11
∆maxs2 12 10 10
peaks can be observed. However, compared with the process e+e− → γJ/ψφ, the cross section
of e+e− → γJ/ψω via charmed-strange meson loops is nearly suppressed by two orders of mag-
nitude, which will make the observation of the peaks induced by the ATS become difficult. The
process e+e− → γJ/ψω will also receive contributions from other rescattering diagrams, such as
the D0D¯∗D and D′1D¯D∗ loops. But because D0 and D′1 are too broad, the rescattering amplitudes
will be highly suppressed and can only be taken as the backgrounds, as discussed in Refs. [36, 37].
The BESIII Collaboration has ever searched for the charmonium-like state Y (4140) in the
process e+e− → γJ/ψφ, but no significant signal is observed [59]. This result can be understood
in our scenario. Firstly, if Y (4140) is not a genuine particle but the kinematic threshold effect, it
is not strange that people observe it in B decays rather than in e+e− scatterings, because of the
different kinematic configurations in these two reactions. Secondly, the BESIII Collaboration used
the data samples collected at the CM energies 4.23, 4.26 and 4.36 GeV, but unfortunately none of
these CM energies falls into the kinematic regions where the ATS can be present according to
Table I. When the CM energies are taken in the range 4.430∼4.435 GeV or 4.572∼4.585 GeV
according to Table 1, one may probably observe some resonance-like peaks in J/ψφ invariant
mass distributions, which are induced by the ATS. However, in our numerical results Fig 3(a),
there are only peaks staying close to the D∗+s D∗−s threshold, which are somewhat far away from
the peak position of Y (4140). Since the kinematics and rescattering processes in B decays will be
another story, here we can only point out the possibility but can not verify that the production of
Y (4140) is induced by the kinematic threshold effect.
B. Isospin-symmetry breaking process
The C-parity of the J/ψφ or J/ψω combination must be positive, but for the D(∗)+s D(∗)−s
combination, the C-parity can either be positive or negative. In our scenario, we suppose that the
resonance-like peaks observed in J/ψφ (J/ψω) can be related with the rescattering loops which
contain the vertices of D(∗)+s D(∗)−s scattering into J/ψφ (J/ψω). Likewise, we can also expect the
similar peaks in other final states with the negative C-parity. For instance, since D(∗)+s D(∗)−s
can also scatter into J/ψη, of which the C-parity is negative, we can then study the process
e+e− → π0J/ψη via the charmed-strange meson loops. In another word, we hope to search
for the negative C-parity charmonium-like structures with hidden ss¯ in e+e− → π0J/ψη.
The diagrams for e+e− → π0J/ψη via the charmed-strange meson loops are displayed in
Fig. 4. Notice that in these diagrams, there are vertices for D±s0 coupling to D±s π0 and D±s1 cou-
pling to D∗±s π0. Although the isospin symmetry is not conserved in these couplings, the processes
D±s0→D±s π0 and D±s1→D∗±s π0 are acturally the most important decay modes for D±s0 and D±s1 re-
spectively. This is because the isospin conserved DK and D∗K channels are not open for these
two P -wave charmed strange mesons. We therefore expect the rescattering amplitudes corre-
sponding to Fig. 4 will be important for e+e− → π0J/ψη. To estimate the amplitudes, we will use
8
the effective Lagrangian in Eq. (13). The decays D±s0→D±s π0 and D±s1→D∗±s π0 can proceed via
the η-π0 mixing, and the mixing angle θηpi=
√
3/2(md −mu)/(2ms −md −mu)≃0.01, which is
a widely accepted value.
The kinematic regions where the ATS can be present are listed in Table II. Because the phase
spaces of D±s0→D±s π0 and D±s1→D∗±s π0 are larger, the kinematic regions for the occurrence of the
ATS are also relatively larger. The numerical results of the J/ψη invariant mass distributions are
displayed in Fig. 3(c). Due to the rescattering diagrams in Fig. 4, when the CM energy √s1 is
smaller than the Ds1D∗s threshold, only the peaks close to the D∗+s D−s threshold can appear. There
is an intriguing property for the lineshapes of the invariant mass distributions. When the CM en-
ergy√s1 is taken to be the Ds0D∗s threshold (dotted line in Fig. 3(c)), taking into account Table. II,
the kinematic regions of the ATS corresponding to Figs. 4(a) and (b) will overlap, but the loca-
tions of the ATSs for√s2 (J/ψη invariant mass) are different. Therefore when√s1=MDs0+MD∗s ,
there will be two peaks appeared in the invariant mass distribution, and both of them stay close to
the D∗+s D−s threshold. Notice that there will be no peaks staying close to the D+s D−s threshold,
because there is no vertex for D+s D−s→J/ψη included in the diagrams of Fig. 4.
The cross sections of this isospin-symmetry breaking process are estimated at the order of
magnitude of 1 pico barn. In Ref. [60], the BESIII Collaboration reports some results about the
cross sections σ(e+e−→π0J/ψη), of which the upper limits are also at the order of magnitude of
1 pico barn. However, for the CM energies where the data are collected in Ref. [60], none of them
falls into the kinematic regions where the ATS can be present according to Table II. To observe the
resonance-like peaks induced by the ATS, maybe one should collect the data at other CM energies,
of which the range is 4.428∼4.443 GeV or 4.572∼4.583 GeV.
The process e+e−→π0J/ψη will also receive contributions from other charmed meson rescat-
tering diagrams, such as the D1D¯D∗ loop, which has been estimated in Ref. [61]. However, taking
into account that D1 is much broader than Ds1 and Ds0, and the scattering e+e−→D1D¯ will be
suppressed by the HQSS [37, 62, 63], we suppose that the contribution for e+e−→π0J/ψη from
the charmed meson loops will be smaller than that from the charmed-strange meson loops. The
kinematic regions of the ATS are also different for charmed and charmed-strange meson loops.
III. SUMMARY
In this work, to hunt for the charmonium-like states with hidden ss¯, we investigate the ra-
diative transition processes e+e−→γJ/ψφ, e+e−→γJ/ψω and the isospin violation process
e+e−→π0J/ψη. These processes will receive contributions from the rescattering processes via
the charmed-strange meson loops, of which the corresponding amplitudes are demonstrated to be
very important. Especially, when the kinematics of these processes meets some special conditions,
the ATSs can be present in the rescattering amplitudes, which will behave themselves as narrow
peaks in the corresponding invariant mass distributions. This implies that the non-resonance ex-
planation about the resonance-like structures is possible. The genuine particles, such as tetraquark
states, molecular states and hybrids, may not be necessary to be introduced when describing the
observations of some XY Z particles. The ATS is just the kinematic singularity of the S-matrix
elements, and the locations of the resonance-like peaks induced by the ATS will mainly depend on
the specific kinematic configurations. In our discussion, usually they will stay close to the D+s D−s ,
D∗+s D
−
s and D∗+s D∗−s thresholds, which we call normal thresholds. Sometimes the discrepancy
between the normal and anomalous thresholds can be larger. Taking into account the locations of
the ATSs can move, this offers us a criterion to distinguish kinematic singularities from genuine
resonances, because the peak positions of the genuine resonances are usually thought to be rela-
9
tively stable. However, although the kinematic regions of the ATS for the charmed-strange meson
loops are sizable, they are not too large. To observe the movement of the ATS, the higher energy
resolution of the experiments is necessary.
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Appendix A: Quark-interchange model
In the reactions D(∗)+s D(∗)−s →J/ψφ, J/ψω and J/ψη, c and c¯ are recombined into a charmo-
nium state, which is governed by the short range interaction. To describe these meson-meson
scatterings at the quark level, we will employ the Barnes-Swanson quark-interchange model to
estimate the transition amplitudes [64–70]. In this approach, the non-relativistic quark potential
model is used, and the hadron-hadron scattering amplitudes are evaluated at Born order with the
interquark Hamiltonian. In the case of the anticharmed meson-charmed meson scatterings, the
amplitudes arise from the sum of the four quark exchange diagrams as illustrated in Fig. 5. The
interaction Hij between constituents i and j is represented by the curly line in Fig.5, and is taken
to be
Hij ≡ λ(i)
2
· λ(j)
2
Vij(rij) =
λ(i)
2
· λ(j)
2
(Vconf + Vhyp + Vconstant)
=
λ(i)
2
· λ(j)
2
{
αs
rij
− 3b
4
rij − 8παs
3mimj
Si · Sj
(
σ3
π3/2
)
e−σ
2r2ij + Vconstant
}
. (A1)
This Hamiltonian contains a Coulomb-plus-linear confining potential Vconf and a short range spin-
spin hyperfine term Vhyp, which is motivated by one gluon exchange.
The Born-order T -matrix element Tfi can be expressed as the product of three factors for each
of the diagrams in Fig.5,
Tfi = (2π)
3IflavorIcolorIspin−space. (A2)
Since there is no orbitally excited state involved in our discussion, the factor Ispin−space can be
further factored into
Ispin−space = Ispin × Ispace. (A3)
The space factors are evaluated as the overlap integrals of the quark model wave functions. It
is convenient to write these overlap integrals in the momentum-space. For the four diagrams
of Fig. 5, in the reaction AB → CD, where AB and CD are the initial and final meson pairs
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respectively, the space factors read
IC1space =
∫ ∫
dk dq ΦA(2k) ΦB(2k− 2PC) ΦC(2q−PC) ΦD(2k−PC) V (k− q),
IC2space =
∫ ∫
dk dq ΦA(−2k) ΦB(−2k− 2PC) ΦC(−2k−PC) ΦD(−2q−PC) V (k− q),
IT1space =
∫ ∫
dk dq ΦA(2k) ΦB(2q− 2PC) ΦC(2q−PC) ΦD(2k−PC) V (k− q),
IT2space =
∫ ∫
dk dq ΦA(−2k) ΦB(−2q− 2PC) ΦC(−2k−PC) ΦD(−2q−PC) V (k− q),
(A4)
where PC is the center-of mass momentum of meson C, and the potential V (p) is obtained via
the Fourier transformation of V (r).
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FIG. 3: Invariant mass distributions of (a) J/ψφ, (b) J/ψω, and (c) J/ψη at four CM energy points.
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